In a series of papers in the last ten years, various aspects of the mathematical foundations of the quantum theory of atoms in molecules have been considered by this author and his coworkers in some details. Although these considerations answered part of the questions raised by some critics on the mathematical foundations of the quantum theory of atoms in molecules, however, new mathematical problems also emerged during these studies that were reviewed elsewhere [Int. J. Quantum Chem. 111, 4497 (2011) 
Introduction
Since the publication of the seminal monograph of Bader on the quantum theory of atoms in molecules (QTAIM) [1] , which summarizes the works of Bader and his research group before 1990, the QTAIM with all its pros and cons has been widely conceived as the comprehensive theory of atoms in molecules. To make the theory more accessible to general audience, Popelier's book that appeared in 2000 tries to act as a textbook for newcomers to this field, though, occasionally, one may also find Popelier's own interesting insights in it as well [2] . More recently, in 2007, the editorial compendium of Matta and Boyd tries to cover, beyond doubt successfully, a wide range of the QTAIM's applications from solid state physics to chemistry and then to molecular biology in a coherent way [3] . All in all, the QTAIM is now part of the toolbox that aims to tackle various problems where the AIM structure is of prime importance [4, 5] .
However, in contrast to its widespread recognition, sporadically, the mathematical foundations as well as interpretation of the QTAIM analysis both had been a matter of disputes and exchanges [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ; in this study, only the former is in focus while for interpretive problems, the interested reader may consult [18, 19] and references cited therein. Starting from a decade ago, inspired by these exchanges, the present author and his coworkers reconsidered the mathematical foundations of the QTAIM in detail trying to resolve some issues put forward by critics of the QTAIM formalism [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] .
Interestingly, as a byproduct, this reconsideration eventually gave rise to an extended version of the QTAIM, finally termed the multi-component QTAIM, which widens the applications of the AIM analysis beyond the Born-Oppenheimer paradigm as well as exotic molecular species [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . 4 Although some of the original problems related to the QTAIM formalism, which have been discussed elsewhere [6, 7, 46] , seem to be addressed properly in our reconsiderations, some still remain problematic and needs further scrutinizing. On the other hand, one may propose new problems that seem to be unnoticed (or at least not stated officially) and hopefully, will open new doors for future developments of the QTAIM. Accordingly, the paper is organized based on a handful of selected open questions and each subsection in next section discusses one problem and the relevant background and literature. The author has proposed some leads where it is possible, which may eventually help to solve the corresponding problem or at least to be used as a starting point for future considerations. Also, let us stress that the style of presentation of problems is intentionally to some extent informal and far from mathematically rigorous treatment making the whole subject accessible to a larger range of audience. It is important to stress that the motivation behind presenting these problems is their potential for new developments rather than filling holes in previous chains of mathematical reasoning of the conventional formalism. The author hopes that this paper may encourage more theoreticians from various fields to participate in future developments of the QTAIM and its extended multi-component version.
Open problems and corresponding background 2.1. What is the very origin of the topological atom?
The very notion of the atomic basin, usually termed a "topological atom" [1] , is fundamental to the QTAIM. One may quote directly from Bader's monograph: "Atoms exist in real space and they are defined by a partitioning of real space" (see page 55 in [48, 49] , and since then has been "rediscovered" subsequently many times [12, [50] [51] [52] .
More recently, we have established computationally that certain 3D "objects", collectively termed quantum divided basins, are derivable from the net zero-flux equation, which from "morphological" viewpoint can be similar or quite distinct from the topological atoms [22, 24, 26] . The presence of the quantum divided basins reveals that the topological atoms are not uniquely derivable from the net zero-flux equation and they are just a tiny subset of the whole 3D objects satisfying the net zero-flux equation. In other words, the objects compatible to the mathematical fabric of the subsystem quantum mechanics are not exclusively the topological atoms. Thus, the question arises that what makes the topological atoms distinct?
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One answer to this question is that they are the natural objects for an AIM theory since there are simplest objects resembling most to what one expects intuitionally from an AIM while in general the quantum divided basins do not meet this criterion of "naturalness". In other words, each topological atom by its very definition contains a nucleus and part of surrounding one-electron density with a small imbalance of the positive nuclear and the negative electronic charges making it a semi-neutral object; this picture fits to the general conception of the AIM, which is a marginally "modified"
version of a free atom [53] . In this viewpoint, the concept of the topological atom must be assumed as an independent "axiom" of the QTAIM formalism in addition to the axioms used to introduce the subsystem quantum mechanics. For practical purposes, the naturalness seems to be a satisfying answer however, for one interested to link the concepts of the QTAIM to quantum mechanics this naturalness though seems reasonable non-nuclear attractors, and the corresponding "pseudo-atoms" [73] . However, the elegant study by Pendas and coworkers demonstrated that these pseudo-atoms arise in general when the distance between two nuclei is smaller than a critical value and are not an artifact of computational procedures [74] . Usually, these critical distances are smaller than the equilibrium distances thus, the pseudo-atoms seem deceptively sporadic but upon applying hydrostatic pressures and corresponding contraction of the inter-nuclear distances, pseudo-atoms appear in the AIM structure of every molecular system [75] .
One may conclude that the naturalness of the topological atoms stems from the fact that in general, for each pair of nuclei the critical inter-nuclear distance is smaller than the inter-nuclear distance at the equilibrium geometry. Also, it is interesting to extend the conjecture to a larger class of external potentials, e.g.
those derived from the finite nucleus models [76] , since the topology of the one-electron density is probably independent from marginal modifications of the external potential (for a similar proposal see [23] ). Evidently, the last part of the conjecture, namely the fact that in "most" molecules the equilibrium inter-nuclear distances are larger than the critical distances, is hard to properly paraphrased mathematically and probably hardest part to be proved. Let us finally emphasize that this conjecture tacitly implies that the "efficiency" of the concept of the real-space quantum subsystem, e.g. the concept of the topological atom, is intrinsically tied to the nature of interactions of the constituents of the molecular system and cannot be extended per se to other many-body quantum systems (for possible extensions to non-coulombic systems see [28, 29] ).
How to extend the concept of topological atom's "energy" for noncoulombic interactions?
It has been demonstrated previously in detail that most of the formalism and theorems of the subsystem quantum mechanics are independent from the nature of the interactions of the constituents of the quantum system [23, 28, 29] . In other words, the nature of the potential energy function of the Hamiltonian describing the physics of system is not relevant to the abstract results derived within the context of the subsystem 11 quantum mechanics. Two important pillars of the subsystem quantum mechanics namely, the subsystem variational procedure [23] , and the subsystem hypervirial theorem [28] , are concrete examples in this regard. However, as emphasized recently [29] , the original procedure of introducing the energy of a topological atom through using the subsystem virial theorem explicitly employs the homogeneity of the coulombic potential energy function (see pages 186-191 in [1]). Any marginal modification of the coulombic potential energy in a molecular system, e.g. using any of the finite nucleus models instead of the point charge model [76] or adding terms corresponding to various small magnetic interactions [77, 78] , destroys the homogeneity of the potential energy function, making the originally proposed procedure useless. Accordingly, the whole procedure of introducing topological atom's energy will be untenable in such cases even if absolute deviations from the coulombic potential to be small. Although for most (but not all) practical purposes one may neglect deviations from the coulombic interactions in a molecular system, for one believing that the AIM are "real" entities [79], confining any ingredient of the QTAIM just to the coulombic potential is something artificial.
Accordingly, it seems reasonable that for the AIM, to be a "generic" property of molecule
[1], the QTAIM formalism must be able to cope with diverse families of "effective" molecular Hamiltonians that the coulombic Hamiltonian is just an example. Though we have recently extended the procedure of introducing energy for real-space subsystems to the whole family of the homogeneous potential energy functions [29] , as will be discussed, this procedure is not extendable to inhomogeneous potential energy functions.
Let us consider the extended procedure briefly in first place and then the obstacles emerging from its extension to inhomogeneous potential energy functions.
In order to start the analysis, imagine an N -particle quantum system composed of indistinguishable particles that upon solving corresponding Schrödinger's equation, Ĥ E    , at least one bound state emerges and is at the mechanical equilibrium, i.e.
the Hellmann-Feynman (HF) forces are null [1] . The fact that the HF forces are assumed to be null from the outset of the analysis restricts the whole analysis only to the equilibrium geometries. This is somehow annoying since because of nuclear vibrations as well as chemical reactions the QTAIM analysis of non-equilibrium geometries is also desirable. There have been some attempts to extend the analysis beyond equilibrium geometries when the HF forces are not null and these have been summarized by Keith (see chapter 3 in [3] ). But, none of the proposed schemes is satisfying as stressed by the author himself (a possible tentative route to solve this problem have been proposed by present author recently that needs to be worked out in detail [45] ). Throughout present analysis we will restrict our analysis only to the equilibrium geometries and do not try to consider the more involved problem of generalizing the analysis to non-equilibrium geometries. Let us also assume that the potential energy function, 
Using the fact that the Hamiltonian is now expressed based on the one-particle contributions, the energy density of the system is introduced as follows: E is the total energy of the system. This is a way to stress that in contrast to the total energy of a molecule, which is uniquely defined expect from an additive constant, the energy density is not uniquely defined as stressed and discussed by Ayers and coworkers in their comprehensive study on the kinetic energy densities [46] . The energy density may be decomposed further into the kinetic energy density, . It is timely to emphasize that the introduced stress tensor density is one among an infinite set of possible stress tensor densities and this is the deeper route toward the non-uniqueness of the energy density as discussed elsewhere [46] . For real-space quantum subsystems, the presence of the surface virial density guarantees that the total virial density,
 ˆ
which is a condition to be satisfied for any well-defined energy of a real-space subsystem. Accordingly,       
(for applications of the formalism to non-coulombic systems see [29, 45] ). Finally, topological atom's energy in the coulombic systems is recovered as a special:
Let us now widen the family of considered potential energy functions assuming 
What is the most efficient way of introducing the concept of the topological atom's "state"?
The concept of "state" is central in physics and by definition, knowing the state of a system means that all accessible information for the system is at hand, thus, it is legitimate to ask that how the state of a topological atom must be defined. The simplest answer is to list all properties,   , in principle determines uniquely all properties of the atom [85] . In this sense, it may be claimed that
is the state of the topological atom, however, this is to some extent deceptive as will be discussed in the remaining of this subsection. Let us first reconsider the idea of Bader and Becker using the extended version of the Riess-Münch theorem namely, the holographic electron density (HED) theorem [86] .
The HED theorem states that knowing the ground state one-electron density of a molecule in any arbitrary subspace,   [82, 83] . This opens the door for replacing
Schrödinger's equation with the Kohn-Sham equations [87] , both are in principle equivalent [83] , making the computational implementation of density functional theory feasible. In contrast to an initial attempt [88] , the idea of proposing a variational Taking the large and diverse literature on the open quantum systems, flourished in the last decades [89, 90] , the time is ripe to reconsider the problem of efficient definition of topological atom's state in the light of these new developments.
Do the interatomic-surfaces act as "hologram" for the topological atoms?
In recent years there has been a growing interest in "holographic principles" in certain disciplines of physics though they are usually far from the domain of atoms and molecules [91] [92] [93] . Such idea may have deep implications in fundamental physics revealing non-trivial links between seemingly unrelated theories [93] . Roughly speaking, a holographic principle makes a link between a theory formulated in atoms. The next step will be to answer the question whether such holographic property may be used practically namely, one may derive a theory that only works with the interatomic surface, i.e. boundaries/2D surfaces, and yield the properties of the topological atoms without any need to refer to 3D space; this directs us toward the more general idea of duality [100] [101] [102] [103] . Accordingly, the analytical differential geometry of the interatomic surfaces must be also considered more thoroughly [104] [105] [106] [107] [108] , seeking for general traits of these surfaces that may help to apply the idea of the holography in practice.
As stressed in the introduction, Popelier has given his own interesting insights on the QTAIM some years ago [2] , that was inspiring for the present author to embark a research programme on the foundations of the QTAIM. Let us first directly quote these 
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, in a non-Euclidian space [109] , and the property currents of a topological atom may "equally" be seen as flows in the boundaries of a stationary but non-equilibrium thermodynamic system [110] . Whether the QTAIM as a theory or the topological atoms as the target objects of this theory may have nontrivial duals as proposed above is an interesting open question that needs further scrutiny.
Conclusion and prospects
The idea of subsystem is foreign to quantum mechanics and the principles of the theory do not give a clear recipe how a quantum subsystem, or division to system plus environment, must be introduced. Accordingly, this ambiguity opens the door for a large number of quantum subsystem theories, designed for various purposes and applications [89.90] . The upper panels show the relief maps of the electron density while the large red ball is a schematic representation of the nucleus where (3, -3) attractor is located on whereas (3, -1) critical point is depicted as a small green dot. The lower panels depict the resulting gradient vector field of the electron density where (3, -3) critical points act as the attractor of the field and all the gradient paths in each atomic basin terminate at the attractor. A duo of gradient paths, originating from (3, -1) critical points and terminating at (3, -3) attractors, are depicted as thick black lines. The inter-atomic/zero-flux surface is the green flat surface perpendicular to the black lines and going through (3, -1) critical point. All the gradient paths on this surface terminate at (3, -1) critical point.
